ABSTRACT This paper proposes a novel continuous reaching law for chattering-free sliding mode control by using two hyperbolic functions with similar changing rate and opposite amplitude characteristics. The first function is an inverse hyperbolic sine function, which can guarantee the fast convergence as the initial value of the sliding mode variable is far away from the equilibrium. When the sliding mode variable is approaching to zero, the second hyperbolic tangent function can ensure the sliding mode variable be infinitely close to zero rather than cross the zero. With the proposed reaching law, the fast convergence and chattering-free property can be both guaranteed, and the satisfactory convergence performance of the reaching phase is achieved with an approximation method. Moreover, the steady state error bound is analyzed in details when considering external disturbances. A simple example is provided to demonstrate the effectiveness of the proposed method.
I. INTRODUCTION
Sliding mode control has been extensively studied due to its superior robustness and anti-perturbation performance [1] - [3] . However, the chattering problem in traditional sliding mode control has seriously affected its practical applications [4] . Therefore, how to weaken or eliminate the chattering problem in sliding mode control is significant, and lots of research works have been carried out, such as fuzzy sliding mode control [5] , full-order sliding mode control [6] , high order sliding mode control [7] , [8] , reduced-order switching sliding mode control [9] , nonlinear sliding mode control [10] , adaptive sliding mode control [11] , terminal sliding mode control [12] , reaching law sliding mode control [13] , etc.
Among the schemes aforementioned, the reaching law sliding mode control has been investigated in [14] - [18] due to its ability to effectively weaken the chattering problem by improving the dynamic performance of reaching motion, and several sliding reachability conditions were summed up by Lu and Spurgeon [19] - [21] to guarantee that the sliding mode condition was obtained for different control situations. In [14] , an exponential reaching law was used to enforce the system state exponentially converge to the switching surface and to improve the system robustness and stability for a class of underactuated system with external disturbances. In [15] , an adaptive reaching law combining with a saturated term and a non-switching term was investigated for the electromagnetic formation flight with actuator saturation. The non-switching term can weaken the chattering problem and improve the tracking performance, and the saturated term was able to increase the convergence speed.
Except for continuous systems, the reaching law sliding mode control has also been studied extensively in discrete systems. In [16] , an exponential reaching law was investigated for a discrete-time sliding mode control system to achieve shorter reaching time, and a difference function was adopted to redefine the disturbance to guarantee the smaller width of steady state error bound. In [17] , the dynamical behaviors with disturbance compensator based on a discrete reaching law were studied for the discrete-time uncertain systems, and the dynamics of the steady state error bound was given. In [18] , a new discrete reaching law sliding mode control method was proposed for an uncertain discrete-time system, and the steady state error bound was improved by using the second-order difference of the system uncertainties and continuous-approximate function.
A. MOTIVATION
Gao has employed 3 typical reaching laws, i.e., constant velocity reaching law, exponential reaching law and power reaching law, to eliminate the chattering in sliding mode control and guarantee the motion characteristics of reaching mode by selecting appropriate parameters [13] , [22] . However, the constant velocity reaching law reduces the convergence rate though it can weaken the chattering problem. The exponential reaching law can enhance the convergence rate by adding an exponential term on the constant velocity reaching law, but the chattering problem may also exist and increase as the sliding mode variable approaches to the switching surface. Although the power reaching law is able to weaken the chattering problem by employing the power term which is usually less than 1, the convergence rate may not be guaranteed simultaneously as the sliding mode variable moves away from the switching surface.
Recently, Fallaha and Saad proposed an exponential reaching law in [23] for robotic systems to reduce the chattering problem and ensure the high tracking performance based on the variations of the switching function. The constant gain of proportional rate reaching law in [24] was replaced by a complex nonlinear term on the basis of Gao and Hung [22] . In [25] , a single hyperbolic reaching law was presented to minimize the reaching time and decrease the chattering phenomenon. However, the chattering problem still exists in [23] - [25] since the changing rate is not zero when the switching surface s = 0 is achieved. To the authors' best knowledge, the analysis of the steady state error bound in most existing works is mainly for discrete time systems but rare for continuous time systems.
B. CONTRIBUTION
In this paper, a novel continuous reaching law is proposed by combining two hyperbolic functions which have the similar changing rate but opposite amplitude characteristics. The convergence rate varies with the sliding mode variable for an inverse hyperbolic sinusoidal function, which can speed up the reaching phase when the sliding mode variable is far away from the switching surface. The convergence rate is mainly controlled by the hyperbolic tangent function when the sliding mode variable is approaching to zero, such that the sliding mode variable is guaranteed to be infinitely close to zero rather than cross the zero. Consequently, the chatteringfree property is achieved with the proposed reaching law sliding mode control scheme. Moreover, the analysis of the steady state error bound is provided in details for the considered continuous systems with external disturbance.
II. NOVEL DOUBLE HYPERBOLIC REACHING LAW
The novel double hyperbolic reaching law is given bẏ In (1), two hyperbolic functions tanh(s) and asinh(s) are chosen to construct the reaching law because they have the following two interesting features:
1) The hyperbolic tangent function tanh(s) and its derivative are both in the range of [-1, 1] . Besides, the value of tanh(s) changes very gently and has a similarly linear property as s approaches to zero, which is shown in Fig. 1 . 2) The inverse hyperbolic sine function asinh(s) has the similar derivative and linear property near zero with function tanh(s), but the value is much larger and monotonically increasing. This means that the function asinh(s) does not change drastically. The property of asinh(s) can be found in Fig. 2 . (1) with
to zero, the changing rateṡ is determined by the first term −k 1 tanh(as), such thatṡ can be infinitely close to zero according to the pseudo-linearity property of −k 1 tanh(as), and thus the chattering problem in traditional reaching law is eliminated. Fig. 4 gives an example of the convergence for the proposed reaching law. In this example, the parameters are set as: k 1 = 40, k 2 = 20, a = 5, b = 10, q = 3; the initial value is given as s 0 = 50. From Fig. 4 , we can see that s converges to zero in only 0.045 seconds from a big initial value and the chattering problem is eliminated in the convergence process from the local amplification. Meanwhile, the convergence accuracy can also be guaranteed, and the steady state error is 1.5 × 10 −11 . The detailed analysis of the convergence time and the steady state error bound are both given in the following sections. 
III. CONVERGENCE ANALYSIS OF REACHING PHASE
In this section, the convergence of the reaching phase is analyzed. Define V = 1 2 s 2 , and its derivative iṡ
For (2), it can be concluded that Corollary 1: when s = 0, thenV = 0; Corollary 2: when s > 0, it can be obtained tanh(as) > 0 and asinh(bs q ) > 0, thenV < 0;
Corollary 3: when s < 0, we have tanh(as) < 0 and asinh(bs q ) < 0, thenV < 0;
According to corollary 1 to corollary 3, s will converge to zero for any given initial value s 0 . In order to further analyze the convergence time, the reaching time t s is given by
Then, eq. (3) is discussed in the following three cases: Case 1: When the initial value satisfies s 0 > 0, the reaching time is
According to the analysis of (1) in Section 2, (4) is rewritten as
Define
ds, and it follows that
and
Eq. (7) indicates that s converges to 1 from the initial value s 0 in a finite-time T 2 , but T 1 is an infinite time. This is because the changing rateṡ is infinitely close to zero when s approaches to zero, which means s is approximately parallel to the time axis. In order to further analyze the finite time property, we define that s is practically converged when the slope of the convergence curve is small enough (such as 0.01, 0.001, etc.). There may be a small steady state error in this case, but it may not affect the convergence accuracy VOLUME 6, 2018 of the system. Then, an approximation method is used to calculate the reaching time T 1 in the range of [0, 1] .
The convergence process of s is shown in Fig. 5 . The sliding mode variable s converges to 1 from initial value s 0 in finite-time T 2 , and then converge to point A from 1 in time T 1 . Then, the point A is defined with the following properties: 1) the value is equal to δ approaching to zero; 2) the slope is −k s , which is small enough, such as k s = 0.001, 0.0001 etc. In this case, the sliding mode variable s is regarded as the practical convergence when s reaches point A.
FIGURE 5. The convergence process of (1).
As described above, the time T 1 is calculated as
From (9), it is obtained that
Substituting (10) into (8) yields
Combined with (7), the reaching time t s satisfies
Definition 1: Consider the double hyperbolic reaching law (1) with the fact that s(t s ) = δ. If there exists ς > 0 and T (ς, δ) < ∞, which can ensure that |s(t)| < ς for all t ≥ t s + T . Then, the reaching time is practical finite-time stable (PFS) [26] .
In order to analyze the reaching time more clearly, a simple example is provided as follows. The control parameters and initial value s 0 are set the same as Section 2. 1) According to (7), (10), (11) and (12), if k s is set as k s = 0.01, it follows that T 1 = 0.0630, T 2 = 0.0301, the convergence time t s ≤ 0.0931, and the convergence value δ = 5 × 10 −5 ; 2) If k s is set as k s = 0.001, then T 1 = 0.0745, T 2 = 0.0301, the convergence time t s ≤ 0.1046, the convergence value δ = 5 × 10 −6 . Compared to the initial value s 0 = 50, δ is sufficiently small, and the accuracy could be further improved.
Case 2: For the initial value s 0 = 0, according to the reaching law (1), we haveṡ = 0, which implies s has been on the switching surface.
Case 3: For the initial value −s 0 < 0, the reaching time t s is obtained by
Define r = −s, and (13) is rewritten as
The analysis of (14) is very similar with that of (4), and thus the detailed process is omitted here.
IV. CONVERGENCE COMPARISON AND ANALYSIS
In this section, several commonly used reaching laws are employed for convergence analysis compared with the proposed double hyperbolic reaching law (DHRL).
In Fig. 6 , ERL denotes the exponential reaching law [23] , DPRL indicates the double power reaching law [27] , PRL and CPRRL are the power reaching law and constant-proportional rate reaching law, respecitively [28] Remark 1: It is impossible to achieve a completely fair comparison of the reaching laws in Fig. 6 due to the different structures of the reaching laws. However, the results are sufficient to show the convergence performance of the sliding mode variable s to a certain extent through the similar parameter settings.
From Fig. 6 , it can be seen that DHRL has a faster and more accurate convergence process. More importantly, only the DHRL has no obvious chattering, while other kinds of reaching laws cannot avoid the chattering problem when sliding mode variable s reaches the steady state. In order to demonstrate the convergence more clearly, the following comparison criteria are given.
1) The value of integrated absolute sliding mode variable is IASV = |s(t)|dt, which can effectively represent the convergence accuracy of sliding mode variable s;
2) The value of integrated square sliding mode variable is ISSV = (s(t)−s ba ) 2 dt, where s ba denotes the equilibrium point of s, i.e. s ba = 0. This criterion can show the fluctuations of s;
3
) The positive values ratio of sliding mode variable is PVR = V s(t)>0 /V s(t) , where V s(t)>0
and V s(t) represent the number of positive values and all the values of sliding mode variable s in the convergence time, respectively. This criterion can clearly determine the ratio of chattering. Table 1 and Table 2 provide the values of three comparison criteria in t = 3 seconds and t = 30 seconds, respectively. From Table 1 and Table 2 , it can be concluded that the values of IASV and ISSV for DHRL remain unchanged and are the smallest compared with other reaching laws as the time goes on. This indicates that DHRL achieve the better convergence accuracy and less fluctuations. What is more noteworthy is that PVR is equal to 1 for DHRL whether the time is 3 seconds or 30 seconds, but the other reaching laws are basically equal to 0.5. It shows that all the sliding mode variables are located on the side of the equilibrium point but do not reach the equilibrium point for the proposed DHRL. However, the sliding mode variables of other reaching laws are basically evenly distributed on both sides of the equilibrium point. This further verifies that the purpose of eliminating chattering for the DHRL can be achieved. Remark 2: As shown in Fig. 6, Tables 1 and 2 , the proposed DHRL has the fast convergence, better accuracy and chattering-free property without taking the disturbance into account. Although the disturbance is able to affect the convergence to some extent, the proposed DHRL can still maintain satisfactory performance, and the detailed analysis will be given in the next section.
V. ANALYSIS OF STEADY STATE ERROR BOUND
Consider the following uncertain systeṁ
where x is the system state; f (x) and g(x) are two known smooth functions; u denotes the control input, and d represents the disturbance. 
where
Substituting (17) into (16) yieldṡ
Define the Lyapunov function V = 1 2 s 2 , and the derivative of V isV
Since k 2 s|s| · asinh(bs q ) ≥ 0, in order to guarantee that the system is stable, it needs to satisfy the condition
and it leads to
This means that the result ofV ≤ 0 is obtained when the sliding mode variable |s| satisfies |s| ≥ ). If we adopt the proportional rate reaching law (PRRL) with u s = −k 3 · s in (17), the steady state error bound is calculated as |s| ≤ ε/k 3 with the similar way in (19) . Besides, if the exponential reaching law (ERL) [23] is used in the (17) Remark 4: In realistic applications, the disturbance d in (15) is usually unmeasurable, discontinuous and nondifferentiable. In this paper, it only needs that the disturbance d is bounded, which is reasonable for actual systems. In the subsequent simulation section, a random disturbance is given to verify its performance.
VI. A SIMULATION EXAMPLE
In this section, an example of double hyperbolic reaching law with the system (15) is given to verify the effectiveness of chattering-free property. Define (15) is rewritten as
Design s =ė 1 + λ 1 e 1 , and the derivative of s iṡ
The control input u 1 is designed as
Define the Lyapunov function as
Differentiating (25) yieldṡ
Substituting (24) into (26) leads tȯ (27) Similar to the proof process (19) in section 4, the system states converge to a steady error bound with ). In order to show the superior performance of the proposed hyperbolic reaching law sliding mode control (DHRLSMC), the traditional sliding mode control (TSMC) and the exponential reaching law sliding mode control (ERLSMC) in [23] are employed for the comparison.
The control law of TSMC is given by
where k 3 is the tuning parameter with the condition k 3 > c, and λ 2 > 0.
The exponential reaching law of ERLSMC iṡ
where The control law of ERLSMC is designed as The reference signal is set as x d1 = sin(π t) for the first case. Fig. 7-Fig. 9 represent the tracking trajectory, the tracking error and the system control input of the three methods TSMC, ERLSMC and DHRLSMC, respectively. From Fig. 7 and Fig. 8 , it can be seen that the control method with the proposed double hyperbolic reaching law DHRLSMC can achieve a good tracking performance for the reference signal. The system is stable within 0.4 seconds. The amplitude of steady state error is about 5 × 10 −4 . From section 4, it is calculated the upper bound of the steady state error is 1 a atanh( ε k 1 ) = 0.005 if the disturbance bound c is assumed as 1, which is consistent with the analysis result of the steady state error bound (21) . The tracking errors of TSMC and ERLSMC are larger than DHRLSMC, and the final convergence of DHRLSMC is relatively stable. Besides, the TSMC and ERLSMC have the chattering problem when the system states achieve the steady state. Fig. 9 indicates that the proposed reaching law can effectively eliminate the chattering problem, while the TSMC and ERLSMC still have a relatively large chattering problem in the control input.
The second case adopts a smooth square wave as the reference signal x d2 . The amplitude of the square wave is 2, the period is 7 seconds, and the square width is 3.5. The tracking trajectory is given in Fig. 10 , and the corresponding tracking error is shown in Fig. 11 . From the figures, we can see that DHRLSMC achieves a faster and more accurate tracking performance than those of TSMC and ERLSMC. More significantly, compared with TSMC and ERLSMC, the proposed DHRLSMC is much smoother without big static error. Fig. 12 gives the control law of the three methods, and it is indicated that DHRLSMC is almost without any chattering problem due to the effect of the two hyperbolic functions, while the other two methods can not avoid the chattering problem.
VII. CONCLUSION
A novel double hyperbolic reaching law is investigated in this paper by employing two hyperbolic functions to eliminate the chattering problem. The convergence of reaching time is derived with an approximate method by analyzing the properties of the two hyperbolic functions. Moreover, the steady state error bound with external disturbance is provided, and a simple example is given to show the effectiveness of the chattering-free property of the double hyperbolic reaching law. The further works are to extend the proposed reaching law to its practical applications. 
